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MARGINALLY TRAPPED SURFACES WITH POINTWISE 1-TYPE
GAUSS MAP IN MINKOWSKI 4-SPACE
VELICHKA MILOUSHEVA
Abstract. A marginally trapped surface in the four-dimensional Minkowski space is a
spacelike surface whose mean curvature vector is lightlike at each point. In the present
paper we find all marginally trapped surfaces with pointwise 1-type Gauss map. We prove
that a marginally trapped surface is of pointwise 1-type Gauss map if and only if it has
parallel mean curvature vector field.
1. Introduction
The concept of trapped surfaces was introduced by Roger Penrose [22] and it plays an
important role in General Relativity for studying singularities and also for understanding
the evolution of black holes, the cosmic censorship hypothesis, the Penrose inequality, etc.
In Physics, a surface in a 4-dimensional spacetime is called marginally trapped if it is closed,
embedded, spacelike and its mean curvature vector is lightlike at each point of the surface.
Recently, marginally trapped surfaces have been studied from a mathematical viewpoint.
In the mathematical literature, it is customary to call a surface marginally trapped or quasi-
minimal [23, 5] if its mean curvature vector H is lightlike at each point, and removing the
other hypotheses, i.e. the surface does not need to be closed or embedded.
Classification results in 4-dimensional Lorentz space forms were obtained imposing
some extra conditions on the mean curvature vector, the Gauss curvature or the second
fundamental form. For example, marginally trapped surfaces with positive relative nullity
in Lorenz space forms were classified by B.-Y. Chen and J. Van der Veken [7]. They also
proved the non-existence of marginally trapped surfaces in Robertson-Walker spaces with
positive relative nullity [8] and classified marginally trapped surfaces with parallel mean
curvature vector in Lorenz space forms [9].
In [16] S. Haesen and M. Ortega classified marginally trapped surfaces in Minkowski
4-space which are invariant under spacelike rotations. Marginally trapped surfaces in
Minkowski 4-space which are invariant under boost transformations (hyperbolic rotations)
were classified in [15] and marginally trapped surfaces which are invariant under the group
of screw rotations (a group of Lorenz rotations with an invariant lightlike direction) were
studied in [17].
In [14] G. Ganchev and the present author developed the invariant theory of marginally
trapped surfaces in the four-dimensional Minkowski space R41. Our approach to the study
of these surfaces was based on the principal lines generated by the second fundamental
form. Using the principal lines, we introduced a geometrically determined moving frame
field at each point of such a surface. The derivative formulas for this frame field imply the
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existence of seven invariant functions. We proved that each marginally trapped surface is
determined up to a motion in R41 by these seven invariant functions satisfying some natural
conditions.
In the present paper we express the Laplacian of the Gauss map of a marginally
trapped surface in terms of these invariant functions. Imposing the condition that the
surface has pointwise 1-type Gauss map, we obtain that three of the invariants are zero. We
give necessary and sufficient conditions for a marginally trapped surface to have pointwise
1-type Gauss map and find all marginally trapped surfaces with pointwise 1-type Gauss
map. Our main result states that a marginally trapped surface is of pointwise 1-type Gauss
map if and only if it has parallel mean curvature vector field.
2. Invariants of a marginally trapped surface
Let R41 be the Minkowski space endowed with the metric 〈, 〉 of signature (3, 1) and
Oe1e2e3e4 be a fixed orthonormal coordinate system in R
4
1 such that e
2
1 = e
2
2 = e
2
3 = 1,
e24 = −1. The standard flat metric is given in local coordinates by dx21 + dx22 + dx23 − dx24.
A surface M2 in R41 is said to be spacelike if 〈, 〉 induces a Riemannian metric g on
M2, i.e. at each point p of a spacelike surface M2 we have the following decomposition
R
4
1 = TpM
2 ⊕NpM2
with the property that the restriction of the metric 〈, 〉 onto the tangent space TpM2 is
of signature (2, 0), and the restriction of the metric 〈, 〉 onto the normal space NpM2 is of
signature (1, 1).
We denote by ∇′ and ∇ the Levi Civita connections on R41 and M2, respectively. Let
x and y be vector fields tangent toM and let ξ be a normal vector field. Then the formulas
of Gauss and Weingarten give decompositions of the vector fields ∇′xy and ∇′xξ into tangent
and normal components:
∇′xy = ∇xy + σ(x, y);
∇′xξ = −Aξx+Dxξ,
which define the second fundamental tensor σ, the normal connectionD and the shape oper-
ator Aξ with respect to ξ. The mean curvature vector field H ofM
2 is defined asH =
1
2
trσ.
Thus, if M2 is a spacelike surface and {x, y} is a local orthonormal frame of the tangent
bundle, the mean curvature vector field is given by the formula H =
1
2
(σ(x, x) + σ(y, y)).
Let M2 : z = z(u, v), (u, v) ∈ D (D ⊂ R2) be a local parametrization on a spacelike
surface in R41. The tangent space at an arbitrary point p of M
2 is TpM
2 = span{zu, zv}.
Since M2 is spacelike, 〈zu, zu〉 > 0, 〈zv, zv〉 > 0. We use the standard denotations E(u, v) =
〈zu, zu〉, F (u, v) = 〈zu, zv〉, G(u, v) = 〈zv, zv〉 for the coefficients of the first fundamental
form
I(λ, µ) = Eλ2 + 2Fλµ+Gµ2, λ, µ ∈ R
and setW =
√
EG− F 2. Let us choose a normal frame field {n1, n2} such that 〈n1, n1〉 = 1,
〈n2, n2〉 = −1, and the quadruple {zu, zv, n1, n2} is positively oriented in R41. Then we have
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the following derivative formulas:
∇′zuzu = zuu = Γ111 zu + Γ211 zv + c111 n1 − c211 n2;
∇′zuzv = zuv = Γ112 zu + Γ212 zv + c112 n1 − c212 n2;
∇′zvzv = zvv = Γ122 zu + Γ222 zv + c122 n1 − c222 n2,
where Γkij are the Christoffel’s symbols and the functions c
k
ij , i, j, k = 1, 2 are given by
c111 = 〈zuu, n1〉; c112 = 〈zuv, n1〉; c122 = 〈zvv, n1〉;
c211 = 〈zuu, n2〉; c212 = 〈zuv, n2〉; c222 = 〈zvv, n2〉.
Obviously, the surface M2 lies in a 2-plane if and only if M2 is totally geodesic, i.e.
ckij = 0, i, j, k = 1, 2. So, we assume that at least one of the coefficients c
k
ij is not zero.
Let X = λzu+µzv, (λ, µ) 6= (0, 0) be a tangent vector at a point p ∈M2. The second
fundamental form II of the surface M2 at the point p is introduced by the formula
II(λ, µ) = Lλ2 + 2Mλµ+Nµ2,
where the functions L, M , and N are defined as follows:
L =
2
W
∣∣∣∣∣
c111 c
1
12
c211 c
2
12
∣∣∣∣∣ ; M =
1
W
∣∣∣∣∣
c111 c
1
22
c211 c
2
22
∣∣∣∣∣ ; N =
2
W
∣∣∣∣∣
c112 c
1
22
c212 c
2
22
∣∣∣∣∣ .
The second fundamental form II is invariant up to the orientation of the tangent space or
the normal space of the surface.
The condition L = M = N = 0 characterizes points at which the space {σ(x, y) :
x, y ∈ TpM2} is one-dimensional. We call such points flat points of the surface [12, 13].
These points are analogous to flat points in the theory of surfaces in R3. In [18] and [19]
such points are called inflection points. The notion of an inflection point is introduced
for 2-dimensional surfaces in a 4-dimensional affine space A4. E. Lane [18] has shown
that every point of a surface in A4 is an inflection point if and only if the surface is
developable or lies in a 3-dimensional space. Further we consider surfaces free of flat points,
i.e. (L,M,N) 6= (0, 0, 0).
The second fundamental form II determines conjugate, asymptotic, and principal
tangents at a point p of M2 in the standard way. A line c : u = u(q), v = v(q); q ∈ J ⊂ R
on M2 is said to be a principal line, if its tangent at any point is principal.
It is interesting to note that the ”umbilical” points, i.e. points at which the coefficients
of the first and the second fundamental forms are proportional (L = ρE, M = ρF, N =
ρG, ρ 6= 0), are exactly the points at which the mean curvature vector H is zero. So, the
spacelike surfaces consisting of ”umbilical” points in R41 are exactly the surfaces with zero
mean curvature. If M2 is a spacelike surface free of ”umbilical” points (H 6= 0 at each
point), then there exist exactly two principal tangents.
Now, let M2 : z = z(u, v), (u, v) ∈ D be a marginally trapped surface. Then the
mean curvature vector is lightlike at each point of the surface, i.e. 〈H,H〉 = 0, H 6= 0.
Hence there exists a pseudo-orthonormal normal frame field {n1, n2}, such that n1 = H
and
〈n1, n1〉 = 0; 〈n2, n2〉 = 0; 〈n1, n2〉 = −1.
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We assume that M2 is free of flat points, i.e. (L,M,N) 6= (0, 0, 0). Then at each point
of the surface there exist principal lines and without loss of generality we assume that M2
is parameterized by principal lines. Let us denote x =
zu√
E
, y =
zv√
G
. Thus we obtain a
special frame field {x, y, n1, n2} at each point p ∈M2, such that x, y are unit spacelike vector
fields collinear with the principal directions; n1, n2 are lightlike vector fields, 〈n1, n2〉 = −1,
and n1 is the mean curvature vector field. We call this frame field a geometric frame field
of M2.
With respect to the geometric frame field we have the following derivative formulas
of M2:
(1)
∇′xx = γ1 y + (1 + ν)n1; ∇′xn1 = µ y + β1 n1;
∇′xy = −γ1 x + λn1 + µn2; ∇′yn1 = µ x + β2 n1;
∇′yx = −γ2 y + λn1 + µn2; ∇′xn2 = (1 + ν) x+ λ y − β1 n2;
∇′yy = γ2 x + (1− ν)n1; ∇′yn2 = λ x+ (1− ν) y − β2 n2,
where ν = −〈σ(x, x)− σ(y, y)
2
, n2〉, λ = −〈σ(x, y), n2〉, µ = −〈σ(x, y), n1〉, γ1 = −y(ln
√
E),
γ2 = −x(ln
√
G), β1 = −〈∇′xn1, n2〉, β2 = −〈∇′yn1, n2〉.
Note that the functions ν, λ, µ, γ1, γ2, β1, β2 are invariants of the surface determined
by the principal directions. In [14] we proved the fundamental theorem for marginally
trapped surfaces in R41, which states that each marginally trapped surface free of flat points
is determined up to a motion in R41 by these seven invariant functions satisfying some
natural conditions.
Formulas (1) imply that the Gauss curvature K and normal curvature κ of M2 are
expressed by the functions ν, λ, and µ as follows:
(2) K = 2λµ; κ = −2µν.
3. Surfaces with pointwise 1-type Gauss map
An isometric immersion x : M → Em of a submanifold M in the Euclidean space Em
or pseudo-Euclidean space Ems with signature (s,m− s) is said to be of finite type [3], if x
identified with the position vector field of M in Em or Ems can be expressed as a finite sum
of eigenvectors of the Laplacian ∆ of M , i.e.
x = x0 +
k∑
i=1
xi,
where x0 is a constant map, x1, x2, ..., xk are non-constant maps such that ∆xi = λixi,
λi ∈ R, 1 ≤ i ≤ k. If λ1, λ2, ..., λk are different, then M is said to be of k-type.
The notion of finite type immersion is naturally extended to the Gauss map G on
M by B.-Y. Chen and P. Piccinni [6]. Thus, a submanifold M of an Euclidean or pseudo-
Euclidean space has 1-type Gauss map G, if G satisfies ∆G = a(G + C) for some a ∈ R
and some constant vector C.
However, the Laplacian of the Gauss map of some typical well-known surfaces in the
three-dimensional Euclidean space E3 such as the helicoid, the catenoid and the right cone
takes a somewhat different form, namely, ∆G = φ(G+C) for some non-constant function φ
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and some constant vector C. It looks like an eigenvalue problem, but the function φ turns
out to be non-constant. Therefore, it is worth studying the class of surfaces satisfying such
an equation.
We use the following definition: a submanifold M of the Euclidean space Em or
pseudo-Euclidean space Ems is said to have pointwise 1-type Gauss map if its Gauss map G
satisfies
∆G = φ(G+ C)
for some smooth function φ on M and a constant vector C. A pointwise 1-type Gauss map
is called proper if the function φ is non-constant. A submanifold with pointwise 1-type
Gauss map is said to be of the first kind if the vector C is zero. Otherwise, the pointwise
1-type Gauss map is said to be of the second kind.
In [10] M. Choi and Y. Kim characterized the helicoid in terms of pointwise 1-type
Gauss map of the first kind. Together with B.-Y. Chen they proved that the class of surfaces
of revolution with pointwise 1-type Gauss map of the first kind coincides with the class of
surfaces of revolution with constant mean curvature and characterized the rational surfaces
of revolution with pointwise 1-type Gauss map [4].
Tensor product surfaces with pointwise 1-type Gauss map and Vranceanu rotational
surfaces with pointwise 1-type Gauss map in the four-dimensional Euclidean space E4 were
studied in [2] and [1], respectively.
In [21] Y. Kim and D. Yoon studied ruled surfaces with 1-type Gauss map in Minkowski
space Em1 and gave a complete classification of null scrolls with 1-type Gauss map. The clas-
sification of ruled surfaces with pointwise 1-type Gauss map of the first kind in Minkowski
space E31 was given in [20]. Ruled surfaces with pointwise 1-type Gauss map of the second
kind in Minkowski 3-space were classified in [11].
Recall that the Gauss map G of a submanifold M of Em is defined as follows. Let
G(n,m) be the Grassmannian manifold consisting of all oriented n-planes through the origin
of Em and ∧nEm be the vector space obtained by the exterior product of n vectors in Em.
In a natural way, we can identify ∧nEm with the Euclidean space EN , where N =
(
m
n
)
.
Let {e1, ..., en, en+1, . . . , em} be a local orthonormal frame field in Em such that e1, e2, . . . ,
en are tangent to M and en+1, en+2, . . . , em are normal to M . The map G : M → G(n,m)
defined by G(p) = (e1 ∧ e2 ∧ · · · ∧ en)(p) is called the Gauss map of M . It is a smooth
map which carries a point p in M into the oriented n-plane in Em obtained by the parallel
translation of the tangent space of M at p in Em.
In a similar way one can consider the Gauss map of a submanifold M of pseudo-
Euclidean space Ems .
For any function f on M the Laplacian of f is given by the formula
∆f = −
∑
i
(∇′ei∇′eif −∇′∇eieif),
where ∇′ is the Levi-Civita connection of Em or Ems and ∇ is the induced connection on
M .
4. Main result
In this section we shall study marginally trapped surfaces with pointwise 1-type Gauss
map.
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Let M2 be a marginally trapped surface free of flat points and {x, y, n1, n2} be the
geometric frame field of M2, defined in Section 2. The geometric frame field {x, y, n1, n2}
generates the following frame of the Grassmannian manifold:
{x ∧ y, x ∧ n1, x ∧ n2, y ∧ n1, y ∧ n2, n1 ∧ n2}.
The indefinite inner product on the Grassmannian manifold is given by
〈ei1 ∧ ei2 , fj1 ∧ fj2〉 = det (〈eik , fjl〉) .
The Gauss map G ofM2 is defined by G(p) = (x∧y)(p), p ∈M2. Then the Laplacian
of the Gauss map is given by the formula
(3) ∆G = −∇′x∇′xG+∇′∇xxG−∇′y∇′yG+∇′∇yyG.
The derivative formulas (1) of M2 imply the following equalities for the invariants
ν, λ, µ, γ1, γ2, β1, β2 of the surface:
(4)
x(µ)− 2µ γ2 − µ β1 = 0;
y(µ)− 2µ γ1 − µ β2 = 0;
x(λ)− y(ν)− 2λ γ2 + 2ν γ1 + λ β1 − (1 + ν) β2 = 0;
x(ν) + y(λ)− 2λ γ1 − 2ν γ2 − (1− ν) β1 + λ β2 = 0;
x(β2)− y(β1) + 2ν µ+ γ1 β1 − γ2 β2 = 0.
Using equalities (1) and (3) we calculate the Laplacian of the Gauss map:
(5)
∆G = −4λµ x ∧ y − (x(λ)− y(ν)− 2λ γ2 + 2ν γ1 + λ β1 + (1− ν) β2) x ∧ n1
− (x(µ)− 2µ γ2 − µ β1) x ∧ n2 + (y(µ)− 2µ γ1 − µ β2) y ∧ n2
+ (x(ν) + y(λ)− 2λ γ1 − 2ν γ2 + (1 + ν) β1 + λ β2) y ∧ n1
−4µ ν n1 ∧ n2.
Equalities (4) and (5) imply that the Laplacian of the Gauss map of a marginally
trapped surface free of flat points is expressed in terms of the invariants of the surface by
the following formula:
(6) ∆G = −4λµ x ∧ y − 2β2 x ∧ n1 + 2β1 y ∧ n1 − 4µ ν n1 ∧ n2.
Using (2) we can rewrite (6) in the form:
∆G = −2K x ∧ y − 2β2 x ∧ n1 + 2β1 y ∧ n1 + 2κ n1 ∧ n2,
where K and κ are the Gauss curvature and the normal curvature, respectively.
Now we shall find all marginally trapped surfaces with pointwise 1-type Gauss map.
Theorem 4.1. Let M2 be a marginally trapped surface free of flat points. Then M2 is of
pointwise 1-type Gauss map if and only if M2 has parallel mean curvature vector field.
Proof: Let M2 be a marginally trapped surface free of flat points. Then the Laplacian of
the Gauss map is expressed by formula (6).
In the case when the Gauss curvature is non-zero at a point p ∈ M2, we have that
λ 6= 0 in a neighbourhood of p. Then the Laplacian of the Gauss map can be written as
(7) ∆G = −4λµG− 4λµ T,
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where T =
β2
2λµ
x ∧ n1 − β1
2λµ
y ∧ n1 + ν
λ
n1 ∧ n2.
The condition that the surface has pointwise 1-type Gauss map is
∆G = φ(G+ C)
for some smooth function φ on M2 and a constant vector C. Using (7) we obtain that M2
is of pointwise 1-type Gauss map if and only if T = const.
By the use of formulas (1) we calculate that
(8)
∇′xT =
β2
2λ
x ∧ y +
(
x(
β2
2λµ
) +
β1β2 + β1γ1
2λµ
− ν(1 + ν)
λ
)
x ∧ n1
+
(
−x( β1
2λµ
) +
β2γ1 − (β1)2
2λµ
− ν
)
y ∧ n1 + νµ
λ
y ∧ n2
+
(
β1
2λ
+ x(
ν
λ
)
)
n1 ∧ n2;
∇′yT =
β1
2λ
x ∧ y +
(
y(
β2
2λµ
) +
(β2)
2 − β1γ2
2λµ
− ν
)
x ∧ n1
+
νµ
λ
x ∧ n2 +
(
−y( β1
2λµ
)− β1β2 + β2γ2
2λµ
− ν(1− ν)
λ
)
y ∧ n1
+
(
y(
ν
λ
)− β2
2λ
)
n1 ∧ n2.
Equalities (8) imply that T = const if and only if β1 = 0, β2 = 0, ν = 0 in this
neighbourhood.
If M2 is flat, i.e. λ = 0 at each point, then the Laplacian of the Gauss map is
∆G = −2T0,
where T0 = β2 x ∧ n1 − β1 y ∧ n1 + 2µν n1 ∧ n2. Using (1) we find
∇′xT0 = µβ2 x ∧ y + (x(β2) + β1β2 + β1γ1 − 2µν(1 + ν)) x ∧ n1
+
(−x(β1) + β2γ1 − (β1)2) y ∧ n1 + 2µ2ν y ∧ n2
+(x(2µν) + µβ1) n1 ∧ n2;
∇′yT0 = µβ1 x ∧ y +
(
y(β2) + (β2)
2 − β1γ2
)
x ∧ n1
+2µ2ν x ∧ n2 + (−y(β1)− β1β2 − β2γ2 − 2µν(1− ν)) y ∧ n1
+(y(2µν)− µβ2) n1 ∧ n2,
which imply again that T0 = const if and only if β1 = 0, β2 = 0, ν = 0.
Marginally trapped surfaces satisfying β1 = β2 = 0 have parallel mean curvature
vector field, since DH = 0 holds identically in view of (1). From (2) it follows that the
equality ν = 0 is equivalent to κ = 0, i.e. the surface is of flat normal connection. The last
equality of (4) implies that all marginally trapped surfaces with parallel mean curvature
vector field (β1 = β2 = 0) have flat normal connection (ν = 0).
Finally we obtain that M2 is of pointwise 1-type Gauss map if and only if M2 has
parallel mean curvature vector field. 
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Note that the Laplacian of the Gauss map of each marginally trapped surface M2
with pointwise 1-type Gauss map is expressed as follows:
∆G = −4λµG = −2K G,
where K is the Gauss curvature of M2. Hence, M2 is of the first kind (C = 0). Moreover,
M2 is proper (φ 6= const) in the case of non-constant Gauss curvature.
The class of marginally trapped surfaces with parallel mean curvature vector field,
was classified by B.-Y. Chen and J. Van Der Veken in [9]. Combining their classification
with our result, we obtain all marginally trapped surfaces with pointwise 1-type Gauss map.
References
[1] Arslan, K., Bayram, B., Bulca, B., Kim, Y., Murathan, C., O¨ztu¨rk, G., Vranceanu surface in E4 with
pointwise 1-type Gauss map, Indian J. Pure Appl. Math., 42 no. 1 (2011), 41–51.
[2] Arslan, K., Bulca, B., Kilic¸, B., Kim, Y., Murathan, C., O¨ztu¨rk, G. Tensor product surfaces with
pointwise 1-type Gauss map, Bull. Korean Math. Soc., 48 no. 3 (2011), 601–609.
[3] Chen, B.-Y., Total mean curvature and submanifolds of finite type, Series in Pure Mathematics, 1.
World Scientific Publishing Co., Singapore, 1984.
[4] Chen, B.-Y., Choi, M., Kim, Y., Surfaces of revolution with pointwise 1-type Gauss map, J. Korean
Math. Soc. 42 no. 3 (2005), 447–455.
[5] Chen, B.-Y., Garay, O., Classification of quasi-minimal surfaces with parallel mean curvature vector
in pseudo-Euclidean 4-space E4
2
, Result. Math. 55 (2009), 23–38.
[6] Chen, B.-Y., Piccinni, P., Submanifolds with finite type Gauss map, Bull. Austral. Math. Soc. 35 no.
2 (1987), 161–186.
[7] Chen, B.-Y., Van der Veken, J., Marginally trapped surfaces in Lorenzian space with positive relative
nullity, Class. Quantum Grav. 24 (2007), 551–563.
[8] Chen, B.-Y., Van der Veken, J., Spacial and Lorenzian surfaces in Robertson-Walker space-times, J.
Math. Phys. 48, 073509, 12 pp, (2007).
[9] Chen, B.-Y., Van der Veken, J., Classification of marginally trapped surfaces with parallel mean cur-
vature vector in Lorenzian space forms, Houston J. Math. 36 (2010), 421–449.
[10] Choi, M., Kim, Y., Characterization of the helicoid as ruled surfaces with pointwise 1-type Gauss map,
Bull. Korean Math. Soc. 38 no. 4 (2001), 753–761.
[11] Choi, M., Kim, Y., Yoon, D., Classification of ruled surfaces with pointwise 1-type Gauss map in
Minkowski 3-space, Taiwanese J. Math. 15 no. 3 (2011), 1141–1161.
[12] Ganchev, G., Milousheva, V., Invariants and Bonnet-type theorem for surfaces in R4, Cent. Eur. J.
Math. 8 no. 6 (2010), 993–1008.
[13] Ganchev, G., Milousheva, V., An invariant theory of spacelike surfaces in the four-dimensional
Minkowski space, Mediterr. J. Math. 9 (2012), 267–294.
[14] Ganchev, G., Milousheva, V., An invariant theory of marginally trapped surfaces in the four-
dimensional Minkowski space, J. Math. Phys. 53, 033705 (2012).
[15] Haesen, S., Ortega, M., Boost invariant marginally trapped surfaces in Minkowski 4-space, Class.
Quantum Grav. 24 (2007), 5441–5452.
[16] Haesen, S., Ortega, M., Marginally trapped surfaces in Minkowksi 4-space invariant under a rotational
subgroup of the Lorenz group, Gen. Relativ. Grav. 41 (2009), 1819–1834.
[17] Haesen, S., Ortega, M., Screw invariant marginally trapped surfaces in Minkowski 4-space, J. Math.
Anal. Appl. 355 (2009), 639–648.
[18] Lane, E., Projective differential geometry of curves and surfaces, University of Chicago Press, Chicago,
1932.
[19] Little, J., On singularities of submanifolds of higher dimensional Euclidean spaces, Ann. Mat. Pura
Appl., IV Ser 83 (1969), 261–335.
MARGINALLY TRAPPED SURFACES WITH POINTWISE 1-TYPE GAUSS MAP 9
[20] Kim, Y., Yoon, D., Ruled surfaces with pointwise 1-type Gauss map, J. Geom. Phys. 34 no. 3-4 (2000),
191–205.
[21] Kim, Y., Yoon, D., On the Gauss map of ruled surfaces in Minkowski space, Rocky Mountain J. Math.
35 no. 5 (2005), 1555–1581.
[22] Penrose, R. Gravitational collapse and space-time singularities, Phys. Rev. Lett., 14 (1965), 57–59.
[23] Vranceanu, G., Rosca, R., Introduction in relativity and pseudo-Riemannian geometry, Academiei
Republicii Socialiste Romania, Bucharest, 1976.
Bulgarian Academy of Sciences, Institute of Mathematics and Informatics, Acad.
G. Bonchev Str. bl. 8, 1113, Sofia, Bulgaria; ”L. Karavelov” Civil Engineering Higher
School, 175 Suhodolska Str., 1373 Sofia, Bulgaria
E-mail address : vmil@math.bas.bg
